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SUMMARY
A novel method for complex fluid-structure interaction (FSI) involving large structural deformation and
motion is proposed. The new approach is based on a hybrid fluid formulation that combines the advantages
of purely Eulerian (fixed-grid) and Arbitrary-Lagrangian-Eulerian (ALE moving mesh) formulations in the
context of FSI. The structure - as commonly given in Lagrangian description - is surrounded by a fine
resolved layer of fluid elements based on an ALE-framework. This ALE-fluid patch, which is embedded
in an Eulerian background fluid domain, follows the deformation and motion of the structural interface.
This approximation technique is not limited to Finite Element Methods, but can can also be realized within
other frameworks like Finite Volume or Discontinuous Galerkin Methods. In this work, the surface coupling
between the two disjoint fluid subdomains is imposed weakly using a stabilized Nitsche’s technique in a
Cut Finite Element Method (CUTFEM) framework. At the fluid-solid interface, standard weak coupling of
node-matching or non-matching finite element approximations can be utilized. As the fluid subdomains can
be meshed independently, a sufficient mesh quality in the vicinity of the common fluid-structure interface
can be assured. To our knowledge the proposed method is the only method (despite some overlapping
domain decomposition approaches that suffer from other issues) that allows for capturing boundary layers
and flow detachment via appropriate grids around largely moving and deforming bodies and is able to
do this e.g. without the necessity of costly remeshing procedures. In addition it might also help to safe
computational costs as now background grids can be much coarser. Various FSI-cases of rising complexity
conclude the work. For validation purpose, results have been compared to simulations using a classical
ALE-fluid description or purely fixed-grid CUTFEM based schemes.
KEY WORDS: Fluid-structure interaction; hybrid Eulerian-ALE; overlapping mesh; cut finite element
method; Nitsche’s method; ghost-penalty
1. INTRODUCTION
Fluid-structure interaction (FSI) problems involving large structural movements and deformations
are of significant interest in various fields of engineering and applied sciences. However, an
important prerequisite for achieving reliable results, especially for flows at higher Reynolds
numbers, is an appropriate mesh resolution in the boundary layer. The latter is mandatory in order to
capture the wall normal gradients around the wet structure surface accurately. An insufficient mesh
quality at the fluid-structure interface likely results in an overall corrupted solution of the coupled
problem.
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2 B. SCHOTT ET AL.
The essential advantage of the established Arbitrary-Lagrangian-Eulerian (ALE)-based FSI-
approach, which goes back to [1–6], is that the mesh knows about the position of the structure within
the fluid domain, such that for example the mesh can be refined towards the interface area. However,
the pre-processing of appropriate high quality meshes that satisfy often extreme requirements in the
boundary layer is difficult and time-consuming, and large structural motions can heavily distort
the fluid mesh. While this might not be a billing argument along with some meshes, it becomes
crucial for example along with boundary layer meshes that not only have extreme aspect ratios but
are also placed in the region with the highest deformations and hence are very vunerable. Hence,
costly remeshing and mesh-updating procedures have to be considered that again are particularly
challenging, e.g. in connection with boundary layer meshes. In summary, also for such approaches
optimality of a fluid mesh around the structure can often not be preserved.
The shortcoming of ALE based FSI schemes to deal with large and complex motions was
the motivation for the development of an alternative class of FSI approaches, known as fixed-
grid methods. Such methods sparked quite some interest in recent years. For an overview of
some approaches, the reader shall be referred to [7]. Following a pure fixed-grid approach, the
entire fluid domain is described in an Eulerian framework. Since structural mesh and fluid mesh
are not required being fitted at the common interface, they seem particularly suitable for large
deformation FSI [8–10]. But unlike in the classical ALE based FSI approach, an a priori mesh
refined around the wet surface can hardly be achieved. A rather straightforward solution would
be a local, adaptive mesh refinement and coarsening combined with error estimator-based and/or
heuristics-based refinement indicators, as described in, e.g., [11, 12]. Though, such an adaptive
approach becomes rather inefficient for 3D problems involving large motion of the structural
surface, since large-sized regions have to be refined for several levels and the mesh updates may
have to be accomplished frequently throughout the simulation. Furthermore, common refinement
algorithms operate in all spatial directions, which would destroy the inherent grading of boundary
layer meshes towards the solid body. Other attempts to relax strong restrictions with regards to
interface rotations have been suggested, e.g., in [13] based on sliding mesh techniques. Another
interesting variant of sliding interface-fitted meshes is the so called shear-slip mesh update method
introduced in [14] that reconnects nodes in the element layer next to the interface. An interesting
method for such FSI problems utilizing an ALE formulation of embedded boundary methods was
proposed by [15], where non-interface-fitted embedded meshes are rigidly translated and/or rotated
to track the rigid component of the dynamic body motion.
A highly advantageous approach which drastically simplifies meshing around structures and
perfectly suites for the creation of refinements in FSI-interface normal direction consists in utilizing
domain decomposition for the fluid field. The idea of utilizing two independent overlapping fluid
meshes allows to combine ALE and Eulerian based fluid techniques in the vicinity of the solid and
the far-field, respectively. Chimera schemes are an example for an iterative coupling method based
on an overlapping fluid decomposition, which were introduced originally for mesh generation and
for the simulation of flows around rigid bodies (see for example [16–18]). An extension to problems
including flexible structures has been presented in [8]. However, Chimera-like couplings have some
drawbacks. In order to obtain a converged solution after iterating between the fluid domains, an
overlapping zone of two subsequent fluid domains has to be present. This introduces an additional
iteration set over the overlapping fluid grids in order to obtain the final fluid solution. Beside this
additional cost, the overlapping domain has to be large enough to achieve a converged solution
between the subdomains and this is again particularly cumbersome when highly refined boundary
layer meshes should be coupled coarse background grids.
To overcome such shortcomings, a powerful technique consists in utilizing a composite of
overlapping grids, where the solution in the background mesh is cut-off at the artificial fluid-fluid
interface. The latter is defined as the trace of an embedded grid. This discretization technique is
not limited to finite element based schemes, but can be realized in finite volume frameworks as
well, even though FEM is chosen in the present work. The application of such a fluid discretization
concept for FSI has been considered in a series of works [7, 11, 19, 20]. In an FSI setting, the
structure is surrounded by a moving layer of fine ALE-fluid elements, which is then embedded into
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the fixed-grid Eulerian background fluid grid - motivating the designation hybrid Eulerian-ALE
approach. While the structure moves and deforms, the boundary layer mesh follows the deformation
of the structural surface - the near surface flow is captured appropriately. However, in order to
apply such fluid patches in complex FSI problems, it is crucial to satisfy high demands on the
coupling of the separate background and embedded fluid subdomains along the shared fluid-fluid
interface. While classical Lagrange-multiplier based couplings show severe restrictions with regards
to a reasonable choice of discrete function spaces and in particular requires a careful choice of the
multiplier space, stabilized schemes are often more powerful. A stabilized stress-based Lagrange-
multiplier method for coupling the fluid phases involving cut elements has been presented first
in [19]. To overcome restricting limitations with regards to the location of the embedded fluid patch
within the background mesh, a stable and optimal convergent Nitsche-based coupling method has
been presented by [21]. The latter method is based on the Cut Finite Element Method (CutFEM)
[22], which dates back to the eXtended Finite Element Method (see [20, 23–26] for various flow
applications). The fluid-fluid coupling is enforced weakly employing Nitsche’s formulation [27]
supported by additional penalty-like stabilization techniques for cut elements - the face-/edge-
oriented ghost penalty stabilizations [28,29]. Advancements of these stabilization techniques, acting
on the inter-element jumps of velocity and pressure normal derivatives of cut elements have been
made by [30–32] for the incompressible Navier-Stokes equations. The stabilized embedded fluid
formulation introduced in [21] is one prerequisite of our CUTFEM based hybrid Eulerian-ALE FSI
approach.
For the fluid-structure coupling, different monolithic coupling schemes are available and the
coupling between the moving ALE-fluid domain and the structure can be handled in the same
way as in traditional ALE based FSI schemes, i.e.node match of fluid and solid mesh at the
common interface. In the simplest case, common interface velocity degrees of freedom can be
shared and continuity conditions can be incorporated strongly (see e.g. [33, 34]). A more flexible
scheme has been proposed in [13], which allows for non-conforming non-overlapping meshes,
where the interface conditions are enforced weakly utilizing a dual-mortar Lagrange multiplier
method [35]. Over the past years, also Nitsche’s technique (see, e.g., [36]) has been discussed
for FSI couplings with under-resolved boundary layer regions. While strong enforcements and
therefore exact fulfillment of coupling conditions often result in oscillatory approximations of the
boundary-layer solution (see discussions already for pure flow problems in [37, 38]), an automatic
relaxation of these constraints is preferable, which, however, still converges to the exact fulfillment
with mesh refinement in a consistent sense. Additionally introduced penalty parameters of Nitsche’s
method have to be scaled properly in order to be independent of the flow regime and therefore the
considered problem setup. As a further advantage of Nitsche’s method over Lagrange-multiplier
methods, no additional new multiplier variables are introduced to the system of equations, which
from an implementation point of view allows for an easier setup of the monolithic system and
simplifies the design of efficient preconditioners.
Due to these reasons, also in this work, a Nitsche-based coupling at the fluid-solid interface is
preferred, which can be setup similar to the fluid-fluid coupling. Such coupling techniques have
been reviewed in detail in [39] in the context of unfitted CUTFEM based FSI approaches and are
the second prerequisite of our hybrid Eulerian-ALE FSI scheme.
Central focus of this paper is to highlight the flexibility of this hybrid FSI scheme for vast
challenging FSI settings. Even though the fundamental idea of utilizing fluid domain decomposition
for FSI has been presented already in previous works [19–21], to the best of the authors knowledge,
its application to fully coupled time-dependent FSI problems has not been presented so far and just
indicated in our previous work [39] as an outlook. In the latter publication and references therein,
important theoretical and algorithmic ingredients have been already presented, and therefore will be
reviewed just briefly for clarity in the present work. Moreover, some algorithmic peculiarities of the
hybrid FSI approach will be elucidated. In addition, since a detailed presentation and investigation
of more challenging numerical simulations was still missing so far, this is another focus of this
publication.
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The present paper is organized as follows: In Section 2, we briefly discuss the limitations of
discretization concepts for FSI existing so far and propose our hybrid domain decomposition idea
including the governing equations for the coupled FSI problem in its strong form. In Section 3,
we propose one potential spatial discretization technique. It is based on a CUTFEM fluid domain
decomposition method and utilizes a Nitsche-type coupling of the fields at the fluid-solid and the
fluid-fluid interface, respectively. A semi-discrete stabilized form for the hybrid Eulerian-ALE FSI
problem is presented and algorithmic steps for the monolithic solution of the coupled hybrid FSI
system are discussed. We demonstrate several numerical examples of increasing complexity in order
to verify our method and highlight the capability and the potential of our approach in Section 4.
Finally, conclusions are drawn in Section 5.
2. A HYBRID EULERIAN-ALE FLUID-STRUCTURE INTERACTION APPROACH
2.1. The hybrid domain decomposition idea for fluid-structure interaction
Fluid-structure interaction belongs to the large class of surface-coupled problems. A classical
FSI problem consists of two disjoint bulk subdomains, one for the flow Ωf and one for the
structure Ωs such that Ωf ∩ Ωs = ∅. The different phases interact at the common fluid-structure
interface Γfs = Ωf ∩ Ωs, at which the respective fields are constraint by coupling conditions. In
addition, Dirichlet and Neumann boundary conditions for the involved fields need to be imposed at
outer boundaries ΓfD,Γ
f
N,Γ
s
D,Γ
s
N, respectively, to complete the FSI problem, see Figure 1.
Ω = Ωf ∪ Ωs
∂Ω
Ωf
nf
nfs
Ωs
Γfs
ΓfN
ΓfD
ΓsD
Figure 1: FSI problem settings: domains, interface and boundaries.
Common discrete approximations of the structural field use boundary-fitted meshes T sh , whose
boundaries fit to the domain ∂Ωs(t) at all times t. The structural kinematics are then described in a
Lagrangian formalism. Discrete approximations concepts of the coupled FSI problem usually differ
in the approximation of the flow domain and the respective fields. Most common techniques will be
briefly reviewed and discussed in the following. Afterwards, as the last concept, we introduce the
hybrid FSI approach.
Classical Arbitrary-Lagrangian-Eulerian (ALE) flow description. Following an ALE based
FSI approach, the fluid subdomain is approximated with a single ALE fluid mesh T fh . The latter is
interface-fitted to the wet structural surface. When the structural body moves, the ALE mesh also
deforms and as its boundary follows the fluid-solid interface over time. An introduction to the ALE
concept can be found, for instance, in the textbook [40].
The classical ALE based approach for FSI captivates through its simplicity and thus is the state-
of-the-art in the approximation of FSI settings. It allows to easily obtain higher-order geometric
approximations using isoparametric concepts and the resulting schemes gain from well-established
stability and best-approximation properties for the involved partial differential equations modeling
continuum mechanics.
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(a) Classical ALE based FSI
(b) Fixed-grid FSI
Figure 2: Different moving domain approximation techniques for FSI: (a) Classical ALE based moving
mesh methods are subjected to strict limitations regarding interface motion and deformation, otherwise the
fluid mesh will distort. (b) Fixed-grid schemes allow for arbitrary motions of the structural body, however,
lack a sufficient resolution of the boundary layer in the vicinity of the FSI interface.
Nevertheless, for complex three-dimensional domains, generating high quality computational
fluid grids that conform to the domain boundary and are suitable for capturing boundary layers
arising for high Reynolds-number flows can be often time-consuming and difficult. In particular,
if large structural motions and deformations are present, the quality of moving meshes cannot be
guaranteed in general. As the finite elements need to follow the interface in its evolution, the meshes
can rapidly distort. Then time consuming remeshing and projection steps have to be performed
regularly. A sketch of ALE based approximations of the FSI-problem is given in Figure 2(a).
Fixed-grid Eulerian flow description. In contrast to matching-mesh ALE based methods,
pure Eulerian-based fixed-grid flow formulations are more flexible. For non-interface-fitted
approximations of the flow domain, the solution to the problem is computed only on the active
part Th. As fluid and solid meshes do not necessarily match at the interface Γfs, but may overlap,
i.e. Ωf∗h ∩ Ωs∗h 6= ∅, such techniques may drastically simplify meshing of the computational domain
and can overcome the shortcomings of interface-fitted meshes with regards to large domain motions
and deformations. Therefore, such schemes are much more flexible. A visualization is given in
Figure 2(b).
Nevertheless, in contrast to ALE based boundary-fitted mesh techniques, special measures are
required to impose the interfacial constraints, while preserving robustness, stability and accuracy
of the resulting numerical scheme becomes more challenging when intersecting grids. As a major
drawback of fixed-grid schemes in FSI, sufficient mesh resolution in the vicinity of the boundary
layer can be only hardly achieved at reasonable computational costs, since the location of the solid is
usually unknown a priori. This, however, is a prerequisite for the quality of the coupled FSI solution
approximation.
A hybrid Eulerian-ALE approach for FSI. In our novel hybrid FSI approach, the advantages
of the classical moving mesh Arbitrary-Lagrangian-Eulerian (ALE) flow description are combined
with that of a pure fixed-grid Eulerian flow description, as will be elaborated subsequently.
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Γf1f2
nf1f2
Ωf = Ωf1h ∪ Ωf2h
Ωf1h
nf2sΩ
s
h
Ωf2h
Γf2s
   
Ωf2h ∪ Ωsh
Γf2s
T sh
T f1h
Γf1f2 T f2h
Figure 3: The hybrid Eulerian-ALE discretization concept for FSI: Domain partition (left) according to the
overlapping mesh setting (right).
In this approach, the whole physical fluid domain Ωf is artificially separated into two disjoint
domain parts Ωf1h and Ω
f2
h , i.e. Ωh = Ω
f1
h ∪ Ωf2h , which are approximated independently by two
overlapping fluid meshes T f1h and T f2h , as visualized in Figure 3. To benefit from the fixed-grid
schemes with regards to the treatment of large structural motions, for the flow field which is
far from the fluid-solid interface Γf2s, usually a coarser fixed-grid Eulerian approximation T f1h
is utilized. Since, coupled FSI problems require a fine-resolved approximation of wall-normal
gradients in high-Reynolds-number flows to accurately capture interfacial forces, a fluid patch T f2h
surrounding the solid body overlaps with the background fluid mesh in a geometrically unfitted
way. At the fluid-solid interface Γf2s, structural mesh and embedded fluid mesh T f2h are chosen
interface-fitted and potentially even node-matching. This fitting is preserved for all solid locations,
requiring the fluid patch following the structural body in its motion and deformation. This is realized
by the use of an overlapping mesh fluid domain decomposition, where T f2h can be embedded
arbitrarily into T f1h . Then, the solid body and its surrounding boundary layer patch can largely
move and deform within the background fluid mesh. In doing so, the fluid-fluid interface Γf1f2
subdivides the background mesh into an active physical part Ωf1h and an inactive void/fictitious
part Ωf1,voidh , where the latter is covered by the embedded fluid patch Ω
f2
h and the solid Ω
s
h, such that
Ωf1h = Ω
f1∗
h \ {Ωf2h ∪ Ωsh} ( Ωf1∗h with Ωf1∗h denoting the union of all background elements T ∈ T f1h .
In this work, the decisive fluid domain separation is accomplished with the help of the Cut Finite
Element Method (CUTFEM). With this technique, the coupling of the two fluid approximations
takes place just at the fluid-fluid interface Γf1f2 , and flow is not approximated twice in the overlap
zone of the involved fluid meshes. Also in opposite to overlapping domain decomposition, an
iteration between the two fluid fields are needed, but they are solved together in a single shot.
Details will be provided in Section 3.1,
Formulating the structural motion in a classical fitting-mesh Lagrangian formalism and applying
a moving mesh ALE framework to the embedded fluid patch, a technique which is well-established
in classical ALE based FSI approaches, allows the patch to follow the body in its movement. Thus
an accurate capturing of flow effects at the fluid-structure interface Γf2s is guaranteed. Moreover,
such fluid patches can be generated much easier than appropriate high quality meshes in classical
ALE based FSI schemes. Utilizing the CUTFEM based fluid domain decomposition allows for
independent fluid patch locations within the background mesh T f1h . Fluid-structure interaction
involving large solid deformations in high Reynolds-number flows including boundary layer effects
in the vicinity of solids can thus be accurately simulated by such a hybrid Eulerian-ALE FSI
approach.
2.2. Governing equations for the coupled fluid-structure interaction system
In this work, we consider FSI problems governed by the transient non-linear incompressible Navier-
Stokes equations for the flow field and the non-linear structural elastodynamics equations for the
solid body, complemented by appropriate boundary conditions, interfacial constraints and initial
conditions. Following the hybrid FSI approach, the flow formulation is separated into two parts
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utilizing Eulerian fixed-grid and ALE moving mesh descriptions, respectively. The single-field
contributions are specified below and summarized afterwards.
The solid elastodynamics formulation. Solid mechanics, see (1)–(5) below, are stated in a
Lagrangian formalism, where a mapping ϕt allows to express the motion of a material particle X
from reference to current configuration, i.e. Ωs0 = Ω
s(T0) 7→ Ωs(t). The equations are formulated
in terms of the unknown displacement field d(X, t) := xX(X, t)−X and its first- and second-
order time derivatives, the velocity and acceleration fields u = d˙(X, t) and a = d¨(X, t) with
X ∈ Ωs(T0).
As a suitable strain-measure, E := 12 (F
T · F − I) denotes the Green-Lagrange strain tensor
and F (X, t) := ∂xX(X,t)∂X = (I +
∂d
∂X )(X, t) the deformation gradient tensor. The corresponding
second Piola–Kirchhoff stress tensor is defined as S = JX 7→xF−1 · σx · F−T , where σx
denotes the Cauchy stresses in spatial coordinates. In this work, we exclusively consider
Neo-Hookean materials with S = 2 ∂Ψ
∂(FTF )
based on a strain energy function Ψ(F TF ) :=
µs
2 (tr (F
TF )− 3)− µs ln(JX 7→x) + λs2 (ln(JX 7→x))2, with JX 7→x = (det(F TF ))1/2 and Lame´
parameters λs and µs, which can be expressed in terms of Young’s modulus Es > 0 and Poisson’s
ratio νs ∈ (−1, 0.5) as λs = Esνs((1 + νs)(1− 2νs))−1 and µs = Es(2(1 + νs))−1. Further,
ρs = ρsXJX 7→x denotes the structural material density in the initial referential configuration, and
∇ · (·) = ∇X · (·) is the divergence operator with respect to material referential coordinates.
Appropriate Dirichlet and Neumann boundary data (2)–(3), given by gsD,h
s
N, and initial values
for structural displacements and velocities (4)-(5), defined as d0, d˙0, complement the second order
initial boundary value problem. Detailed explanations can be found, e.g., in the textbooks [41, 42].
The incompressible flow formulation. For the description of the flow field, an Eulerian
formulation for the fixed background grid T f1h is combined with an ALE formalism for the
embedded moving fluid patch T f2h . Both subdomain formulations (6)–(7) are written with respect
to the current domain configuration based on the more general ALE description. Therein,
((c · ∇)u)l :=
∑
j cj · (∂ul/∂xj) denotes the generalized ALE convective velocity with c :=
u− uˆ, where uˆ := ∂txχ ◦Φ−1 is the velocity of the respective referential system. The mapping
therein tracks the deformation of the observed fluid domain (Ωf(t), t) = Φ(Ωf(T0), t) from its initial
configuration, for each subdomain independently. While for the moving embedded patch, the grid
velocity uˆf2 is usually non-vanishing, for a fixed non-moving background grid it holds uˆf1 ≡ 0,
which states the only difference in the embedded and background grid formulation in the two
subdomains Ωf1(t),Ωf2h (t). An introduction to the ALE technique can be found in, e.g., [4, 6].
Further, f f denotes an external body force load, (u) := 1/2
(∇u+ (∇u)T ) the symmetric
strain rate tensor and σ(u, p) = −pI + 2µf(u) the Cauchy stresses. The dynamic viscosity is
denoted with µf = νfρf , where νf and ρf are the kinematic viscosity and fluid density, respectively.
Appropriate Dirichlet and Neumann boundary data (8)–(9) are specified at all times t by functions
gfD,h
f
N. The initial condition (10) for the flow field is specified as u0(x) in Ω
f(T0).
Coupling Conditions. The Cauchy stresses with respect to the current domain configuration defined
on fluid and structural side of the interface are as defined above and are denoted with σ(ui, pi)
and σ(ds ◦ϕ−1t ), respectively. Since structural displacements are expressed with respect to its
reference configuration, the temporal mappingϕt needs to be taken into account. For viscous fluids,
i.e. µf > 0, the kinematic and dynamic interface constraints emerge to continuity conditions (11)–
(12) at the fluid-solid interface and to (13)–(14) at the fluid-fluid interface by analogy.
Definition 1 (Strong form of the coupled hybrid FSI system)
The final hybrid coupled FSI system in its strong form reads: Find solid displacements d :
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Ωs0 × (T0, T ]→ Rd, defined in the reference configuration, satisfying
ρs
d2d
dt2
−∇ · (F · S)(d) = ρsf s ∀ (X, t) ∈ Ωs0 × (T0, T ], (1)
d = gsD ∀(X, t) ∈ ΓsD,0 × (T0, T ], (2)
(F · S) ·N = hsN ∀(X, t) ∈ ΓsN,0 × (T0, T ], (3)
d(T0) = d0 ∀X ∈ Ωs0, (4)
dd
dt (T0) = d˙0 ∀X ∈ Ωs0, (5)
and flow velocity ui : Ωi(t)× t→ Rd and dynamic pressure pi : Ωi(t)× t→ R for i ∈ {f1, f2}
such that
ρf
∂uiχ
∂t ◦Φ−1 + ρf(ci · ∇)ui +∇pi − 2µf∇ · (ui) = ρff f ∀ (x, t) ∈ Ωi(t)× (T0, T ],
(6)
∇ · ui = 0 ∀ (x, t) ∈ Ωi(t)× (T0, T ],
(7)
ui = gfD ∀(x, t) ∈ ΓiD × (T0, T ], (8)
σ · n = hfN ∀(x, t) ∈ ΓiN × (T0, T ], (9)
ui(x, 0) = ui0(x) ∀x ∈ Ωi(T0), (10)
subjected to kinematic and dynamic interface constraints at the fluid-solid interface Γf2s
[[u]] = uf2 − ddsdt ◦ϕ−1t = 0 ∀x ∈ Γf2s(t), (11)
[[σ]] · nf2s = (σ(uf2 , pf2)− σ(ds ◦ϕ−1t )) · nf2s = 0 ∀x ∈ Γf2s(t), (12)
and equivalently at the artificial fluid-fluid interface Γf1f2
[[u]] = ui − uj = 0 ∀x ∈ Γf1f2(t), (13)
[[σ(u, p)]] · nij = (σ(ui, pi)− σ(uj , pj)) · nij = 0 ∀x ∈ Γf1f2(t). (14)
3. A CUT FINITE ELEMENT METHOD (CUTFEM) BASED HYBRID FSI FORMULATION
In this section, we present one potential spatial discretization technique based on the framework of
Finite Element Methods (FEMs). We would like to highlight, however, that our hybrid Eulerian-
ALE discretization concept for multiphysics problems is not limited to Finite Element based
schemes, but even possible to realize with, for instance, Finite Volume or Discontinuous Galerkin
based techniques. Despite the variety of potential applicable finite-dimensional approximation
frameworks, a prerequisite for this hybrid concept is to enable finite elements, cells or volumes to
get intersected by an overlapping embedded fluid patch, and thus to enable a sharp disjoint domain
decomposition of the fluid region.
The hybrid FSI approximation proposed in this work is based on a CUTFEM fluid domain
decomposition technique developed in our previous work [21] (see also [43] for couplings in elliptic
non-moving problems) and on the Nitsche-based weak coupling of the solid phase to the embedded
fluid patch solution, as presented in detail in [39]. It should be mentioned however that any fluid
solid coupling scheme from fitting, i.e. classical ALE based FSI approaches could be used as well.
Combining both interface coupling methods with suitable bulk-stabilized forms on cut background
meshes for the transient incompressible Navier-Stokes equations, as developed in [30, 31], provide
a highly accurate and robust hybrid FSI approach.
Before providing our spatial discretization of the FSI problem, it is worthwhile to mention that
the number of future approximation techniques based on this hybrid concept are highly diverse and
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allow for various promising novel concepts. While in the present work, just low-order continuous
flow approximations based on Lagrangian finite elements are utilized, our approach also enables
to approximate embedded fluid patch and background mesh with different finite element schemes,
like for instance, different types and shapes of elements, interpolation functions, continuous and
discontinuous or even enriched function spaces. The subsequent presentation of our CUTFEM
FSI method is kept short with regards to numerical details, but still reviews the most important
ingredients.
3.1. Semi-discrete Nitsche-type hybrid spatial discretization
Corresponding to the disjoint hybrid domain partition Ωh := Ωf1h ∪˙Ωf2h ∪˙Ωsh, let
WgD,h :=W f1gD,h ⊕W
f2
gD,h
⊕WsgD,h be the associated space of admissible discrete FSI solutions,
consisting of the two flow approximation spaces, according to the background and the embedded
mesh, and a structural approximation space.
Either of the incorporated single-mesh fluid approximations consists of a product space
W figD,h := V
fi
gD,h
×Qfih for velocity and pressure with boundary conditions (8) assumed enforced
strongly. In this work, velocity and pressure are approximated with continuous equal-order
interpolations on quadrilateral or hexahedral meshes of polynomial order k = 1 on both families
of meshes {T f1h }h and {T f2h }h.
For the structural approximation in reference configuration, let {T sh }h be a family of
boundary/interface-fitted quasi-uniform meshes, each approximating Ωs0 ≈ Ωs0,h = ∪T∈T shT .
Displacements and velocities are approximated on linearly-interpolated continuous isoparametric
finite element spaces
X0,h = {xh ∈ C0(Ωs0,h) : xh|T = vTˆ ◦ S−1T (t) with vTˆ ∈ Vk(Tˆ ) ∀T ∈ T sh } (15)
where ST (t) : Tˆ 7→ T are isoparametric mappings to the element parameter space. Taking
into account the respective trace values according to the strongly imposed Dirichlet
constraints (2), the discrete function spaces for solid displacements dh and velocities d˙h result
in DgD,h := [X0,h]d ∩ DgD , Dh := [X0,h]d ∩ D, respectively, and the test function space to
D0,h := [X0,h]d ∩ D0.
Definition 2 (Semi-discrete Nitsche-type hybrid FSI formulation)
The Nitsche-type stabilized formulation for the hybrid FSI problem setting reads as follows: for any
time t ∈ (T0, T ], find background fluid velocity and pressure U f1h (t) = (uf1h (t), pf1h (t)) ∈ W f1gD,h,
embedded fluid patch velocity and pressure U f2h (t) = (u
f2
h (t), p
f2
h (t)) ∈ W f2gD,h and solid
displacement and velocity Dh(t) = (dh(t), d˙h(t)) ∈ WsgD,h such that ∀ (V
f1
h , V
f2
h ,Wh) =
(vf1h , q
f1
h ,v
f2
h , q
f2
h ,wh) ∈ W f10,h ⊕W f20,h ⊕Ws0,h
AFSIh ((U f1h , U f2h , Dh), (V f1h , V f2h ,Wh)) = LFSIh ((U f1h , U f2h ), (V f1h , V f2h ,Wh)), (16)
where
AFSIh ((U f1h , U f2h , Dh), (V f1h , V f2h ,Wh)) := Af1h (U f1h , V f1h ) +Af2h (U f2h , V f2h ) +Ash(Dh,Wh) (17)
+ Cf1f2h ((U f1h , U f2h ), (V f1h , V f2h )) (18)
+ Cf2sh ((U f2h , Dh), (V f2h ,Wh)), (19)
LFSIh ((U f1h , U f2h ), (V f1h , V f2h ,Wh)) := Lf1h (U f1h , V f1h ) + Lf2h (U f2h , V f2h ) + Lsh(Wh) (20)
with single-mesh stabilized fluid operators Aih − Lih for i ∈ {f1, f2} (see Definitions 3 and 4),
a structural finite element approximation Ash − Lsh (see Definition 5) and Nitsche-type interface
coupling terms Cf1f2h , Cf2sh for the fluid-fluid interface Γf1f2 (see definition 6) and the fluid-solid
interface Γf2s (see Definition 7), respectively. It needs to be pointed out that due to the homogeneity
of the coupling conditions, no right-hand-side terms are present for the Nitsche couplings.
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Definition 3 (Semi-discrete stabilized CUTFEM based background fluid formulation)
The CUTFEM based semi-discrete approximation of the incompressible Navier-Stokes equations
on a cut background mesh T f1h reads
Af1,GPh (U f1h , V f1h )− Lf1h (U f1h , V f1h ) ∀V f1h = (vf1h , qf1h ) ∈ V f1gD,h ×Q
f1
h . (21)
In this work, a residual-based variational multiscale (RBVM) stabilized form (see, e.g., [44]), is
utilized to account for different inherent instabilities [45,46] arising for highly convective dominant
flows and due to the use of equal-order interpolations for velocity and pressure. The stabilization
comprises SUPG/PSPG and LSIC terms. For cut meshes, additional interface-zone stabilization in
terms of the operator GGPh is required, see elaborations in Remark 2.
The RBVM/GP-stabilized form for a fluid mesh i reads in generalized form:
Ai,GPh (Uh, Vh) := (ρf ∂uχ,h∂t ◦Φ−1,vh)Ωih + (B
i
h + GGPh )(uh − uˆh; (uh, ph), (vh, qh)),
+
∑
T∈Th
(
ρf
∂uχ,h
∂t ◦Φ−1 + rM(uh − uˆh;uh, ph), τM((ρf(uh − uˆh) · ∇)vh +∇qh)
)
T∩Ωih
+
∑
T∈Th
(
rC(uh), τC∇ · vh
)
T∩Ωih
, (22)
Lih(Uh, Vh) := Lih(vh, qh) +
∑
T∈Th
(
ρff f , τM((ρ
f(uh − uˆh) · ∇vh) +∇qh)
)
T∩Ωih
(23)
where, if unmistakable, the index (·)i has been omitted to shorten the formulas. Therein,
rM(ch;uh, ph) = ρ
f(ch · ∇)uh +∇ph − 2µf∇ · (uh) and rC(uh) = ∇ · uh. Appropriate piece-
wise constant stabilization scaling functions are given as
τM,T (ch) = (
(
2ρf
∆t
)2
+ (ρfch) ·G(ρfch) + CI(µf)2G : G)− 12 , τC,T = (τM,Ttr (G))−1, (24)
with the second rank metric tensor Gkl(x) =
∑d
i=1(∂ξi/∂xk
∣∣
x
)(∂ξi/∂xl
∣∣
x
) and CI = 36.0 for
linearly interpolated finite elements.
The standard Galerkin terms Bih,Lih and the GP stabilization operator GGPh are defined as follows:
Bih(ch; (uh, ph), (vh, qh)) = (ρf(ch · ∇)uh,vh)Ωih + ((uh), 2µ
f(vh))Ωih
− (ph,∇ · vh)Ωih + (qh,∇ · uh)Ωih (25)
GGPh (ch; (uh, ph), (vh, qh)) = (gc + gu + gp)(ch; (uh, ph), (vh, qh)), (26)
Lih(ch; (vh, qh)) = (ρff f ,vh)Ωih + 〈h
f
N,vh〉ΓiN , (27)
where in the interface-zone, facets F located next to intersected elements T+F , T
−
F , i.e. F ∈ FΓ :=
{F ∈ Fi | T+F ∩ Γ 6= ∅ ∨ T−F ∩ Γ 6= ∅}, are stabilized by face-jump penalty terms
gc(ch;uh,vh) = γc
∑
F∈FΓ
∑
16j6k
ρf(ν + φc,F c
2
∞,F + σh
2
F )h
2j−1
F 〈[[∂jnuh]], [[∂jnvh]]〉F , (28)
gu(ch;uh,vh) = γu
∑
F∈FΓ
∑
06j6k−1
φu,F ρ
fh2j+1F 〈[[∇ · ∂jnuh]], [[∇ · ∂jnvh]]〉F , (29)
gp(ch; ph, qh) = γp
∑
F∈FΓ
∑
16j6k
φp,F (ρ
f)−1h2j−1F 〈[[∂jnph]], [[∂jnqh]]〉F . (30)
Therein, it is set c∞,F := ‖ch‖0,∞,F and
φT (ch) = ν + cu(‖ch‖0,∞,ThT ) + cσ(σh2T ), φc,T = φp,T = h2Tφ−1T , φu,T = φT and σ = 1/(θ∆t).
(31)
Further, [[·]] denotes the jump of quantities across interior facets F and the subscript (·)F in
stabilization scalings indicates to take the mean over quantities from both adjacent elements T .
For details, the reader is referred to, e.g., [31, 32, 39].
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Remark 1
Since the background mesh T f1h is assumed to remain fixed over time, as exclusively considered
throughout this work, the time derivative occurring in (22) simplifies to (∂uχ,h∂t ◦Φ−1,vh) =
(∂uh∂t ,vh), i.e. the grid velocity uˆh = 0 vanishes such that ch = uh in a pure Eulerian consideration.
Note, however, that it might be also an option to allow even the background mesh to move, as
considered for instance in an approach shown in [39]. It should be mentioned that all further
numerical or algorithmic steps for this have been already addressed in [39], however, are not
considered further for simplicity in this paper.
Remark 2 (Stabilization of cut clements)
Due to the intersection of elements T ∈ T f1h by the fluid-fluid interface Γf1f2 , additional stabilization
measures are required. Ghost-penalty stabilizations GGPh (26), as developed in [30, 31], penalize
jumps of normal derivatives of order j across interior facets F in the vicinity of the interface and thus
ensure well system conditioning, stability and optimality of the approximation independent of the
mesh intersection. For further details on this technique, the reader is referred to, e.g., [28,29,47,48].
Definition 4 (Semi-discrete stabilized FEM based embedded fluid formulation)
The semi-discrete fluid operators for the fitted-mesh approximation of the embedded fluid patch T f2h
is comprised in
Af2h (Uh, Vh)− Lf2h (Uh, Vh), (32)
where respective operators Af2h ,Lf2h are as defined in (22) and (23) with GGPh ≡ 0, since embedded
meshes are uncut and do not require interface zone stabilization.
Remark 3 (Grid velocity for moving fluid patch)
Similar to the Lagrangian formalism for structures, the motion of the fluid grid Ωf2(T0) 7→
Ωf2(t) is tracked in terms of the mapping Φ(χ, t). Introducing a fluid patch bulk displacement
field df(χ, t) := xχ(χ, t)− χ describing the computational grid motion, the ALE time derivative
∂txχ can be simply expressed in terms of the fluid domain displacements resulting in
uˆχ = ∂txχ = ∂t(d
f(χ, t) + χ) = ∂td
f(χ, t) for the grid velocity. For their approximation, a
classical linear isoparametric finite element concept is utilized.
Since the fluid patch and the solid mesh need to match at Γf2s at all times, the fluid domain
displacement field df2 is constraint being equal to the solid displacement field ds, i.e.
df2 ◦Φ−1(x, t) = ds ◦ϕ−1(x, t) ∀ (x, t) ∈ (Γfs(t), t). (33)
For the motion of the non-constraint part of the fluid mesh, a pseudo-structure mesh update
algorithm as also used in [13] has been used. It is important to appreciate that mesh distortions
are much smaller than in standard ALE cases as the outer boundary of this mesh is free to move.
Definition 5 (Structural finite element approximation)
The space semi-discrete fitted-mesh finite element approximation of the structural elastodynamics
form (1)–(3) with solid displacements dh(t) ∈ DgD,h and velocities d˙h(t) = ddh(t)/dt ∈ Dh
reads, find Dh = (dh, d˙h) such that
Ash(Dh,Wh)− Lsh(Wh) ∀Wh = wh ∈ D0,h, (34)
where
Ash(Dh,Wh) := (ρs dd˙hdt ,wh)Ωs0,h + ((F · S)(dh),∇wh)Ωs0,h , (35)
Lsh(Wh) := (ρsf s,wh)Ωs0,h + 〈hsN,wh〉ΓsN,0,h (36)
are evaluated on the discrete referential counterparts Ωs0,h,Γ
s
N,0,h, respectively.
Definition 6 (Nitsche-type fluid domain decomposition coupling operators)
For the weak coupling of the two subdomain approximations on T f1h and T f2h , specified by the
coupling constraints (13)–(14), the stabilized Nitsche-type formulation from [21] is applied, which
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is comprised in the following coupling operator
Cf1f2h ((U1h , U2h), (V 1h , V 2h )) = −〈2µf(uf2h )nf1f2 , [[vh]]〉Γf1f2 + 〈pf2h , [[vh]] · nf1f2〉Γf1f2 (37)
+ 〈[[uh]], 2µf(vf2h )nf1f2〉Γf1f2 − 〈[[uh]] · nf1f2 , qf2h 〉Γf1f2 (38)
+ 〈γ(ϕ2/2)[[uh]], [[vh]]〉Γf1f2 (39)
+ 〈γ(ρfφ2/h/2)[[uh]] · nf1f2 , [[vh]] · nf1f2〉Γf1f2 (40)
+ 〈({ρfuh}m · nf1f2)[[uh]], {vh}m〉Γf1f2 (41)
+ 〈12 |(
{
ρfuh
}
m
· nf1f2)|[[uh]], [[vh]]〉Γf1f2 , (42)
with the jump operator [[x]] = xf1 − xf2 , the mean average operator {x}m := 12 (xf1 + xf2) and
nf1f2 = nf1 = −nf2 . In the present work, the Nitsche penalty parameter is chosen as γ = 50, the
fluid scaling φ is as defined in (31) and the scaling ϕ is defined as ϕk := µf(fk)2 ∝ 1/hk, where
fk is obtained from a fitted mesh trace inequality. Details can be found in the related publications
[21, 31, 39].
Definition 7 (Nitsche-type fluid-structure coupling operators)
The Nitsche-based fluid-solid coupling operator from [39] reads as
Cf2sh ((U2h , Dh), (V 2h ,Wh)) = −〈2µf(uf2h )nf2s, [[vh]]〉Γf2s + 〈pf2h , [[vh]] · nf2s〉Γf2s (43)
+ 〈[[uh]], 2µf(vf2h )nf2s〉Γf2s − 〈[[uh]] · nf2s, qf2h 〉Γf2s (44)
+ 〈γ(µf/h)[[uh]], [[vh]]〉Γf2s (45)
+ 〈γ(ρfφ2/h)[[uh]] · nf2s, [[vh]] · nf2s〉Γf2s (46)
with [[uh]] = uf2h − ush = uf2h − d˙
s
h ◦ϕ−1t , [[vh]] = vf2h −wh ◦ϕ−1t and nf2s = nf2 = −ns.
Involved fluid scalings and parameters are as stated in Definition 6.
3.2. Temporal discretization
In the present work, for the temporal discretization of the hybrid Eulerian-ALE FSI system a
Generalized-α method is applied to the structural elastodynamics part Ash − Lsh and a one-step-θ
scheme for the stabilized fluid formulations Af1,GPh − Lf1h and Af2h − Lf2h . The time domain (T0, T ]
is approximated equidistantly resulting in time step intervals Jn = (tn−1, tn] of size ∆t and
time levels tn = T0 + n∆t and tN = T . Note that, if unmistakable, occasionally the superscript
indicating solid and fluid variables is omitted to shorten the presentation.
Following detailed derivations in [39] for fitted and unfitted Nitsche-type FSI approaches, the
nonlinear finite-dimensional residual of the FSI system (16) emerges to: find discrete vectors
((U ,P )f1 , (U ,P )f2 ,Ds)n such that R(U,P )f1R(U,P )f2
RD
n =
 σR
f1((U ,P )f1) +Cf1f2((U ,P )f1 , (U ,P )f2)
σRf2((U ,P )f2) +Cf2f1((U ,P )f1 , (U ,P )f2) +Cf2s((U ,P )f2 ,Ds)
1
1−αfR
s(Ds) +Cs2((U ,P )f2 ,Ds)− αf1−αf F
s,n−1
Γf2s(tn−1)

n
= 0
(47)
whereCf2s,Csf2 denote splits of the fluid-structure Nitsche couplings between fluid subdomain Ωf2
and the solid subdomain Ωs. These can be identified by splitting contributions from (43)–(46) into
fluid and structural residuals, i.e. with respect to vf2h andwh. Similar splits for the Nitsche coupling
terms (37)–(42) between the fluid phase Ωf1 and Ωf2 are denoted with Cf1f2 and Cf2f1 . Following
elaborations in [39], the previous time level structural interface force contribution occurring in (47),
which results from applying a generalized trapezoidal rule to the interface force approximation, can
be recovered as
F s,n−1
Γf2s(tn−1) = −Csf2,n−1((Un−1,P n−1),Dn−1). (48)
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Furthermore,Ri, i = f1, f2, denote the two fluid subdomain residuals andRs the structural residual
according to (21), (32) and (34),
Ri(Un,P n) = M i,n(Un,P n) + σ−1F i,n(Un,P n)−Hi,n−1(U˜n−1, A˜n−1), (49)
Rs(Dn) = M s,n
1− αm
β∆t2
Dn + (1− αf )(F s,nint (Dn)− F s,next )−Hs,n−1(Dn−1,Un−1,An−1).
(50)
The fluid residual Ri (49) for subdomain Ωih contains the matrix M
i,n resulting from the time
derivative terms occurring in (22), F i,n comprises all operators associated to time level tn,
i.e. standard Galerkin terms, stabilization operators, external loads from Bih,GGPh ,−Lih. Utilizing
a OST-scheme, all terms belonging to the previous time levels are comprised in Hi,n−1 with
σ = (θ∆t)−1. Once Un is computed,An can be updated, see [39].
The structural residual Rs (50) results from applying the Generalized-α (G-α) method [49]
to (34). The parameters are chosen as β = 1/4(1− αm + αf )2 with αf = ρ∞/(ρ∞ + 1) and
αm = (2ρ∞ − 1)/(ρ∞ + 1) depending on the user-specified spectral radius ρ∞ ∈ [0, 1] controlling
the numerical high frequency dissipation. Furthermore, M s,n is the global mass matrix, F sint the
vector of non-linear internal forces resulting from Ash and F sext are external forces resulting from
Lsh. Previous time-level contributions are comprised in Hs,n−1. Once Dn is computed, velocity
and acceleration approximations Un andAn can be recovered according to [39].
The solution ((U ,P )f1 , (U ,P )f2 ,Ds)n of (47) is approximated iteratively for m > 1 by solving
the following Newton-Raphson-like scheme for increments ∆((U ,P )f1 , (U ,P )f2 ,Ds)nm satisfying
LU f1U f1 LU f1P f1
LP f1U f1 LP f1P f1
LU f1U f2 LU f1P f2
LP f1U f2 LP f1P f2
0
0
LU f2U f1 LU f2P f1
LP f2U f1 LP f2P f1
LU f2U f2 LU f2P f2
LP f2U f2 LP f2P f2
LU f2Ds
LP f2Ds
0 0 LDsU f2 LDsP f2 LDsDs

n
m

∆U f1
∆P f1
∆U f2
∆P f2
∆Ds

n
m
= −

RU f1
RP f1
RU f2
RP f2
RDs

n
m
,
(51)
followed by an incremental update step for the next iteration
U f1
P f1
U f2
P f2
Ds

n
m+1
=

U f1
P f1
U f2
P f2
Ds

n
m
+

∆U f1
∆P f1
∆U f2
∆P f2
∆Ds

n
m
. (52)
Therein,Lxy = ∂Rx∂y denote (pseudo)-directional derivatives of residualsRx from (51) with respect
to the finite dimensional solution approximation y, where x, y ∈ {U f1 ,U f2 ,P f1 ,P f2 ,Ds}
Remark 4 (Treatment of ALE displacement update)
It needs to be pointed out that the ALE displacements change within each Newton-type
iteration (52), as they are constrained by the solid displacement field Ds via (33). Since the latter
changes non-linearly, the fluid patch displacementsDf2 need to be updated accordingly.
Different strategies are available for the mesh update of the embedded fluid patch T f2h in
literature. The update step can be either incorporated directly into the system of residuals (47) as
an additional block (see e.g. [50]) or solved for within an extra step. For the monolithic variant, an
according additional linearization is added to (51) and it is solved for the grid displacements Df2
as an additional field variable. As an alternative technique, the mesh update in terms of the grid
displacements can be performed as an extra step after solving for the Newton increment (52).
Note that for node-matching discretizations T f2h and T sh at Γf2s, displacement degrees of freedom
associated with interface nodes are shared by Ds and Df2 . Thus, just a subset of non-interface-
aligned ALE nodes D˜
f2 (Df2 needs to updated.
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In the present work, for the ALE mesh motion, a pseudo-structural mesh update technique is
used. It is solved for the grid displacements in an analogue fashion as done for the structural body
with identical material properties. For further discussions on promising alternative techniques for
relaxing the ALE mesh/boundary see also Remark 6
Remark 5 (Changing fluid function spaces)
Since both fluid meshes are coupled in a geometrically unfitted fashion, the number of active degrees
of freedom associated to the approximation on the background grid T f1h depends on the location
of the interface Γf1f2 . As a result, the function space W f1h can change between two discrete time
levels tn−1 and tn. Moreover, since a monolithic Newton-type solution strategy is chosen, this
issue might arise even between two subsequent iterations m and m+ 1 of (51)–(52). To overcome
this issue, the strategy provided in [39][Algorithm 1] has been applied. It allows to adapt discrete
previous time level solution fields [U f1 ,Af1 ]n−1 or iteration steps [U f1 ,P f1 ]m to the current
function space approximation. The projected previous time step solution fields occurring in (49)
are denoted with [U˜
f1
, A˜
f1
]n−1. For further algorithmic details, the interested reader is referred to
the original publication [39].
3.3. Algorithmic solution procedure
In the sequel, the major steps of the solution process for the FSI residuals (47) are reviewed. Our
solution scheme is strongly based on techniques presented in [39] and, thus, is just briefly sketched
in following. The algorithmic procedure is summarized in Algorithm 1.
The core part of the full-implicit solution scheme consists of a Newton-Raphson like scheme
(51)–(52) approximating the solution of the coupled FSI system (47). It needs to be solved until
convergence of residual and increments is obtained. Following elaborations in Remark 5, due to
the displacement of the fluid-fluid interface Γf1f2 between iterations, the fluid function space might
change and new nodal degrees of freedom might get activated. If this is the case, the classical
Newton-Raphson scheme needs to be interrupted and the recent iteration before the function
space change occurred serves as initial guess for a new Newton-Raphson algorithm call in a
new cycle c > 1. To allow to restart the iterative scheme, solution iterations need to be projected
from the last iteration function space (W f1h )nc−1 to (W f1h )nc . An analogue projection needs to be
performed for the previous time-step solution between (W f1h )n−1 and (W f1h )nc . For this purpose,
Algorithm 1 from [39] is applied, where for further details the interested reader is referred to the
latter publication. Note that such projections need to be performed just for approximations on the
mesh T f1h , as field approximations on the structural and the embedded fluid grid remain fixed over
time and iterations.
For the first cycle at a new time level, i.e. c = 1 at tn, solutions fields of the monolithic system
need to be predicted to provide a reasonable initial guess for the new time level approximation and to
accelerate the convergence of the iterative procedure. For the structural field, in this work we choose
a predictor for the velocities based on assuming constant velocities Un = Un−1. The acceleration
and displacement predictors are afterwards constructed consistently with the Generalized-αmethod.
As result, the structural predictor yields a non-constant prediction of the solid displacements, which
at Γf2s can be used as boundary constraint (33) for a predictive ALE relaxation solve for the T f2h -grid
displacements, such that the fluid grid moves to a balanced configuration and perfectly surrounds
the structural body at its predicted location. Due to the displacement of Γf1f2 , mesh related quantities
of the background grid T f1h need to be updated, before solution fields can be transcribed to the new
function space (W f1h )nc=1. A potential fluid field predictor can be applied afterwards, a step that is
simplified to a constant field predictor in the present work. After detecting convergence of the most
inner Newton-Raphson iterations for residuals and increments, the solution fields associated to the
fluid and solid approximations need to be updated according to the chosen temporal discretization
schemes, see details in [39].
Remark 6 (Alternative strategies for updating Γf1f2)
Since one of the major challenges for monolithically solved CUTFEM based approaches is the
potential change of approximation spaceW f1h during the iterative procedure, in the hybrid setting,
A HYBRID EULERIAN-ALE APPROACH TO FLUID-STRUCTURE INTERACTION 15
Algorithm 1 Monolithic solution algorithm
1: INPUT: fluid and solid initial conditions ds0, d˙
s
0,u
f
0 at T0.
2: for time steps 1 6 n 6 N , tn = T0 + n∆t do // Time loop
3: Reset cycle counter to c = 1.
4: while (not converged) do // cycle over fluid function space changes
5: if (c = 1) then // First cycle at new time level
6: // Predict solution fields
7: Predict structural solution (based on constant velocity) (D,U ,A)nc=1.
8: Predict non-constraint fluid grid displacements (D˜
f2
)nc=1 for T f2h .
9: Update intersection dependent mesh quantities for T f1h based on (Γf1f2)nc=1.
10: Project velocity solution of T f1h onto (W f1h )nc=1 ( [39][Algo 1]) and predict solutions
((U ,P )i)nc=1.
11: else // The fluid function space has changed within the last cycle c− 1
12: Transcribe fluid solution vectors of T f1h ((W f1h )n−1 → (W f1h )nc , see [39][Algo 1]).
13: Use recent solution approximation from interrupted pass c− 1 as initial guess for the
following Newton-Raphson procedure. Note that (U ,P )nc ∈ (W fh)nc .
14: end if
15: // Newton-Raphson iterations until convergence or function space changes detected
16: Perform Newton-Raphson scheme (51)–(52) for FSI system (47).
17: if (Newton-Raphson converged) then
18: break while
19: end if
20: c← c+ 1 // Fluid function space has changed
21: end while
22: Update solution fields for solid and velocity n 7→ n+ 1 based on G-α and OST scheme.
23: Store final approximations: (Ds,U s,As)n for the solid and (U i,P i,Ai)n for the fluid (i)
with ALE displacements (Df2)n.
24: end for
25: OUTPUT: fluid and solid approximations
{
((U ,P )f1 , (U ,P )f2 ,Ds)n
}
16n6N .
even alternative strategies can be thought of. Instead of allowing the fluid-fluid interface Γf1f2 to
displace in all Newton iterations m > 0, it can be also kept fixed for m > 1, such that relaxation
of the fluid grid T f2h takes place just in the prediction part of Algorithm 1. This, however, puts
high demands on the accuracy of the structural displacement predictor, since too large displacement
increments in the subsequent Newton iterations could easily let distort the boundary layer patch.
Note that strongly wall-refined fluid elements with high aspect ratios are used in this region. Thus,
even though algorithmically much more demanding, an iterative full-implicit approximation of the
grid displacements is preferred in this work. This guarantees well-posed, balanced configurations of
the fluid patch during the entire Newton scheme.
4. NUMERICAL EXAMPLES
In this section, we validate the proposed hybrid Eulerian-ALE approach and demonstrate the
ability of this discretization concept for FSI. For validation purposes, our hybrid FSI approach
is compared with a well-established monolithic fitted-mesh FSI approach and a CUTFEM based
fixed-grid FSI scheme, which allows to deal with large structural motions. For this goal, FSI
problems with moderate deformations are chosen, which can be also computed with classical ALE-
based FSI approaches, without the need for any remeshing strategy. Further numerical examples are
provided to demonstrate the potential of the proposed approach to robustly and accurately deal with
complex large deformation FSI scenarios. If not indicated otherwise, for all provided simulations it
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Figure 4: Compressing ball: (a) classical ALE based moving mesh and CUTFEM based fixed-grid FSI
setup and (b) hybrid Eulerian-ALE FSI setup.
is chosen ρ∞ = 1.0 for the solid approximation and a RBVM stabilized form is used for all fluid
approximations.
It should be mentioned that examples have not been selected in order to stress the advantage of the
proposed approach, they rather have been selected in order to compare with standard approaches and
to get some insight about the characteristics already in such rather simple examples. It is hopefully
obvious that this approach offers amazing advantages - in terms of efficiency but also in terms of
more computability - in many types of application examples.
4.1. Compressing ball under moderate deformations
With the following FSI problem, we validate our monolithic hybrid Eulerian-ALE FSI approach
for moderate structural displacements by comparing the results with that of the monolithic classical
ALE based FSI approach (see [39][Approach 1]). Since for a subsequent example provided in
Section 4.2 a pure fixed-grid approach is required for validation, we consider already here the
monolithic CUTFEM based approach proposed in [39][Approach 2].
A circular shaped structure with radius r = 0.75 and Neo-Hookean material (Poisson’s ratio
νs = 0.3, Young’s modulus Es = 50, density ρs = 1.0) is surrounded by a fluid (viscosity µf = 1.0
and density ρf = 1.0) within a square-shaped domain [−2, 2]2. Initially, the flow field is at rest. The
setup of this example for the classical ALE based FSI approach and the CUTFEM based fixed-
grid approach is shown in Figure 4a. The modified setup for the novel hybrid Eulerian-ALE FSI
approach is depicted in Figure 4b. Periodic inflow
u2(x1, t) = u
max
2
{
1
2 (1 + sin(pit− pi/2)) ∀ t ∈ [0, 5],
1 ∀ t ∈ [5, 8] (53)
in opposite x2-directions is prescribed at the top and bottom inlets, indicated by ΓfD in Figure 4,
where it is set umax2 = ±4, respectively. On both left and right outlets ΓfN, a zero Neumann
boundary condition (hN = 0) is applied. For the temporal discretization it is chosen ∆t = 0.01,
and it is set θ = 1.0 for the fluid. The structure is fixed at its middle point to avoid unstable
FSI configurations initiated by mesh imperfections. Identical structural meshes are used for all
considered FSI approaches. It consists of 875 bilinear elements with 50 line segments along the
circular surface. For the spatial discretization of the flow field, three different setups are considered.
The classical moving mesh ALE approach (see [39][Approach 1]) utilizes only one fluid grid
consisting of 4000 bilinearly interpolated elements. Starting from the four outer walls, the mesh
is refined towards the structural surface within 80 segments distributed in radial direction, resulting
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in a finest boundary layer thickness of hbl ≈ 0.01. For the fixed-grid setup (see [39][Approach 2]), a
regular fluid mesh consisting of 101× 101 regular quadrilateral fluid elements is used. Its active part
is time dependent and depends on the interface location. For the hybrid Eulerian-ALE approach, an
initially ring-shaped fluid patch T 2h consisting of 10 layers of quadrilateral elements within an outer
radius ro = 0.9 and an inner radius ri = 0.75, where it matches the structural surface node-wise, is
embedded into a fixed non-moving background grid T 1h . The latter consists of 55× 55 bilinearly
interpolated elements, where a portion of elements is deactivated as they are completely covered by
the embedded fluid patch or the solid domain. The set of active background elements changes when
the embedded fluid patch deforms and follows the compression and decompression of the structural
ball. The different used computational meshes are visualized in Figures 5a–5c at different times and
deformed configurations.
In Figures 6a–6c, equivalent velocity and pressure fields are shown for the three approaches,
respectively. To validate our hybrid approach, we compare the three simulations in more detail.
Results for displacements and interfacial forces at the left-most and the top-most structural point
are plotted in Figure 7. Due to the periodic excitation and the elastic material characteristics, an
oscillatory highly dynamic behavior can be observed for the computed values, before an equilibrium
state is reached. As it can be seen from the comparison, despite the different fluid meshes and
computational approaches, a good agreement of our novel hybrid Eulerian-ALE approach with the
classical ALE based FSI approach and the pure fixed-grid approach from [39] is obtained over the
entire simulation time.
Comparing the fluid meshes of the different FSI approaches already indicates the advantage of
the hybrid FSI approach. One can efficiently generate a fine boundary layer mesh with high aspect
ratio elements around the structure to suitably resolve potential high gradients in surface normal
direction as a prerequisite for an accurate approximation of viscous forces. Please note that already
in this very simple and low Reynolds number example the pure fixed grid approach has problems
in providing the correct forces (Figure 6b, left) despite the fact that the fixed mesh is much finer.
Thereby, computational costs can be minimized by using fine-resolved grids just in the region of
major interest. These capabilities will become still more obvious for the subsequent test cases.
4.2. Flow over a largely moving cylinder
A translationally moved rigid cylinder in a rectangular fluid domain serves as test case to
demonstrate the great capabilities of the proposed hybrid Eulerian-ALE FSI approach for highly
dynamic higher-Reynolds-number flows. Focus is put on the investigation of accuracy, cost
efficiency, the ability to deal with large structural motions and to sufficiently resolve boundary
layer effects. Even though the rigid body motion does not show all effects of a full fluid-structure
interaction, it perfectly suites to test the algorithmic setup of the hybrid Eulerian-ALE fluid solver
and to analyze the accuracy of its flow approximation in largely changing fluid domains.
A cylindrical rigid body Ωs with diameter d = 0.2 and initial center point position (0.3, 0.23)
at t = T0 is placed in a box (0, 2.2)× (0, 0.44), surrounded by a fluid. The location of the cylinder is
slightly shifted from the vertical center in positive x2-direction, yielding a non-symmetric problem
setup. Since a much stronger vortex shedding will arise when moving the body, this makes the test
case much more demanding. The structure is pulled in positive x1-direction, characterized by a
prescribed displacement field d1(t) = 1.1 + 0.8 sin (23pi(t− 0.75)) imposed as Dirichlet constraint
on the entire structural body. The body will have returned at its starting point after a simulation time
of T = 3. The flow is initially at rest and no-slip wall boundary conditions u = 0 are set strongly
at top, bottom and left side of the fluid domain. At x1 = 2.2 the square fluid domain is opened and
a zero-traction boundary condition is imposed, i.e. hN = 0. For the temporal discretization, it is
chosen θ = 1.0 with ∆t = 0.001.
Since the body is subjected to very large motions, a classical ALE based moving mesh approach
cannot be used for reliable comparisons. For the purpose of validation and to demonstrate the
benefits of our novel scheme, our hybrid Eulerian-ALE approach is compared to a pure fixed-grid
CUTFEM based method (see [39][Approach 2]), as already considered in Section 4.1. For the latter
fixed-grid scheme, two different background mesh resolutions are considered, a fine mesh consisting
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(a) ALE based moving mesh FSI.
(b) CUTFEM based fixed-grid FSI.
(c) Hybrid Eulerian-ALE FSI.
Figure 5: Compressing ball example: computational meshes for the approximation of solid and fluid domain
at different deformed states at times t = 3 (left) and t = 4 (middle) and snapshots at t = 4 (right) for
(a) classical ALE based moving mesh FSI setup, (b) CUTFEM based fixed-grid FSI setup and (c) hybrid
Eulerian-ALE FSI setup. Note that for visualization purposes, the depicted meshes are slightly coarser than
those used for the simulations.
of 450× 90 linearly-interpolated quadrilateral finite elements and a coarser variant consisting of
225× 45 elements. The number of active elements depends on the positioning of the cylinder. The
coarser background mesh is also utilized for our hybrid approach, into which a ring-shaped fluid
patch with an outer diameter do = 0.3 and 20 layers of thin boundary layer elements is embedded.
A refinement towards the fluid-solid interface Γfs is chosen to accurately capture the boundary layer
effects around the moving cylinder. For all variants, identical structural meshes are used, where
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(a) ALE based moving mesh FSI.
(b) CUTFEM based fixed-grid FSI.
(c) Hybrid Eulerian-ALE FSI.
Figure 6: Compressing ball example: velocity and pressure solution at different deformed states at times
t = 3 (left) and t = 4 (right) for (a) classical ALE based moving mesh FSI setup, (b) CUTFEM based
fixed-grid FSI setup and (c) hybrid Eulerian-ALE FSI setup.
the interface is approximated with 50 linear segments in structural circumferential direction. The
computational setups for the fixed-grid approach and the hybrid approach are visualized in Figure 8.
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(a) Displacements over time t: d1 for left-most point (left) and d2 for top-most point (right).
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(b) Forces over time t: f1 for left-most point (left) and f2 for top-most point (right).
Figure 7: Compressing ball example: history of displacements (a) and forces (b) for two characteristic control
points at the FSI interface.
Figure 8: Flow over a largely moving cylinder: computational setup for CUTFEM based fixed-grid approach
from [39] with 225× 45 elements (left), with 450× 90 elements (middle), and setup of the hybrid Eulerian-
ALE approach with 225× 45 background elements and embedded boundary layer fluid patch (right).
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The resulting velocity and pressure solutions are visualized in Figures 9 and 10 for different
times showing characteristics of the evolution of this highly dynamic flow. The comparison of
the fine resolved fixed-grid approach with our novel hybrid Eulerian-ALE method shows good
agreement over the entire simulation time and thus validates the algorithmic steps of the fluid
domain decomposition method for largely moving fluid domains. Within t ∈ [0, 1.5], the resulting
profiles are characteristic for the flow around cylinders. Due to the low fluid viscosity of ν = 0.001
and a density of ρ = 1, a strong non-symmetric flow pattern develops in the backflow of the cylinder
when moving the body in positive x1-direction. The Reynolds number emerges to a maximum of
approximately Re ≈ 300 based on a definition using the cylinder diameter d and the maximum
cylinder velocity. While moving the structure in opposite direction during t ∈ (1.5, 3), highly
dynamic time-dependent forces act on the structural surface. These are the result of the rigid body
motion through a swirling flow.
Close-up views of the interface region in Figure 11 visualize how boundary layer effects are
resolved by the three different considered approaches. Steep wall-normal gradients du1dx2 arise during
the pull forward phase, as shown at time t = 0.5. At the fluid-solid interface, the kinematic coupling
of the structural velocity to the fluid is weakly imposed by the Nitsche technique. Due to the
strong displacement of fluid during the motion, high u1-velocities in opposite x1-direction arise
near the interface. Due to the low viscosity, these cause strong wall-normal gradients within a thin
boundary layer. This comes also along with a significant pressure drop. Comparing the coarse fixed-
grid method with the equivalently meshed hybrid method, clearly shows the much more accurately
captured flow field in the vicinity of the interface. The ability of fixed-grid approaches to represent
such effects strongly depends on the chosen mesh resolution, as it is clearly visible from the results
of the two fixed-grid variants. This impressively demonstrates the benefit of the hybrid approach.
The latter method is able to deal with large structural mesh motions similar to the pure fixed-grid
approach, and thereby ensures a suitable mesh resolution over the entire solution time. Moreover,
it allows for a much coarser approximation of the far-field and thus allows to considerably save
computational costs. To demonstrate the capturing of a still more complex flow pattern during the
pull back phase, additional visualizations are provided for time t = 2.03.
A detailed investigation of the enforcement of the interfacial fluid-structure constraint (11) and
the representation of wall-normal gradients of the velocity and the pressure solution is presented
in Figure 12. It shows the velocity profile u1 and the pressure solution along the line x1 = 0.7, the
positioning of the structural vertical centerline at time t = 0.5. The discrete solid velocity computed
with a backward Euler scheme from the structural displacements, emerges to u1 = 1.45016. Since
for all approaches identical structural meshes are utilized, the discrete coordinates of the bottom-
most structural point is x2 = 0.130197. At this coordinate, the velocity is imposed weakly via
the Nitsche interface coupling. The coarse fixed-grid approach clearly lacks accuracy within the
bulk and at the interface, which is obvious from the pressure solution. Moreover, it is not able
to represent the interface condition accurately. In contrast, a quite good match between the finer
resolved fixed-grid method and the hybrid Eulerian-ALE scheme can be observed for both, velocity
and pressure. Moreover, the continuity of velocity and pressure solution at the artificial fluid-fluid
interface demonstrates the accuracy of the weakly imposed coupling constraints (13)–(14) for the
fluid domain decomposition. Another comparison along a horizontal line x2 = 0.23 is provided for
a later time step at t = 2.03 for the velocity component u1 and the pressure p, see Figure 13.
The reduced computational costs at a higher accuracy in the vicinity of the boundary layer makes
the hybrid Eulerian-ALE clearly superior. This aspect will play a still more decisive role, when
increasing the Reynolds number, which comes along with a thinner boundary layer region and
much steeper wall-normal gradients, and also in more complex three-dimensional problems. For the
hybrid approach, a finer resolution for fluid patch can be realized easily at a moderate increase of
the computational costs. In contrast, pure fixed-grid approaches would require a mesh refinement in
the overall fluid domain, which in comparison yields an enormous loss of computational efficiency.
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(a) Velocity norm ‖uh‖ (top) and pressure ph (bottom) at time t = 1.18.
(b) Velocity norm ‖uh‖ (top) and pressure ph (bottom) at time t = 1.97.
Figure 9: Flow over a largely moving cylinder: comparison of the hybrid Eulerian-ALE approach (with
225× 45 background fluid elements and embedded fluid patch) with the CUTFEM based fixed-grid
approach [39][Approach 2] (with 450× 90 fluid elements) at different times ((a) and (b)). Velocity color
scale [0, 3], pressure color scale [−5.6, 3.5]. The top of all paired pictures shows the hybrid Eulerian-ALE
approach.
A HYBRID EULERIAN-ALE APPROACH TO FLUID-STRUCTURE INTERACTION 23
(a) Velocity norm ‖uh‖ (top) and pressure ph (bottom) at time t = 2.29.
(b) Velocity norm ‖uh‖ (top) and pressure ph (bottom) at time t = 2.46.
Figure 10: Flow over a largely moving cylinder: comparison of the hybrid Eulerian-ALE approach (with
225× 45 background fluid elements and embedded fluid patch) with the CUTFEM based fixed-grid
approach [39][Approach 2] (with 450× 90 fluid elements) at different times ((a) and (b)). Velocity color
scale [0, 3], pressure color scale [−5.6, 3.5]. The top of all paired pictures shows the hybrid Eulerian-ALE
approach.
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(a) t = 0.5 (b) t = 2.03
Figure 11: Flow over a largely moving cylinder: close-up views of the boundary layer region at different
times (a) t = 0.5 and (b) t = 2.03 for different approaches and mesh resolutions (from top to bottom); coarse
fixed-grid approach (45× 225) (top), fine fixed-grid approach (90× 450) (middle) and hybrid Eulerian-
ALE approach with coarse fixed background grid (45× 225) and a fine resolved moving embedded
boundary layer fluid patch (bottom). Arrows indicate velocity profile and colored fluid domain shows the
pressure solution (pressure color scale [−5.6, 3.5]).
4.3. Vibrating flexible structure
A further glimpse of the great capabilities and potential advantages of our hybrid FSI approach
for highly dynamic mutual fluid-structure interaction might be also obtained from a rather classical
example for ALE based FSI, a flow interacting with a vibrating flag-shaped structure. The setup
introduced in [51] has been extensively used for validating FSI approaches.
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Figure 12: Flow over a largely moving cylinder: velocity solution u1 (left) and pressure solution p (right)
along structural vertical centerline x1 = 0.7 at time t = 0.5. Horizontal line indicates discrete interfacial
velocity u1 = 1.45016 to be enforced weakly at the discrete FSI interface Γfs (thick vertical lines).
Dashed vertical lines indicate the artificial fluid-fluid interface Γf1f2 for the hybrid Eulerian-ALE method.
Zoom views show the velocity and pressure solution near the bottom-most discrete structural point with
coordinates (x1, x2) = (0.7, 0.130197) (thin vertical line).
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Figure 13: Flow over a largely moving cylinder: velocity solution u1 (left) and pressure solution p
(right) along structural horizontal centerline x2 = 0.23 at time t = 2.03. Horizontal line indicates discrete
interfacial velocity u1 = −1.50015 to be enforced weakly at the discrete FSI interface Γfs (thick vertical
lines). Dashed vertical lines indicate the artificial fluid-fluid interface Γf1f2 for the hybrid Eulerian-ALE
method. Zoom views show the velocity and pressure solution near the left-most structural point with
coordinates (x1, x2) = (1.35571, 0.23) (thick vertical line).
The computational setup is taken from [51] and is sketched in Figure 14. A flexible structure of
dimensions 4.0× 0.06 is clamped at its front end by a square-shaped head of edge-length 1.0. The
origin is set to the midpoint of the left end of the tail. The latter is approximated with 20× 2 linearly
interpolated finite elements. While the tail can interact arbitrarily with the surrounding flow, the head
is kept fixed over the entire simulation time. The composed flag is surrounded by a fluid Ωf whose
outer boundaries define a rectangle of dimensions [−5.5, 12]× [−6, 6]. For the hybrid Eulerian-
ALE approach, the fluid domain is decomposed as Ωf = Ωf1∪˙Ωf2 . The domain Ωf2 is defined by
a fluid patch T f2h , which fits to the fluid-solid interface Γf2s. Its outer dimensions are specified as
[−2, 5]× [−1.5, 1.5] and enclose kind of boundary layer elements, which are refined towards the
interface Γf2s. Close-up views of the embedded fluid patch surrounding the body are visualized in
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Figure 14: Vibrating flexible structure: geometric setup for hybrid Eulerian-ALE FSI approach. A flexible
tail is clamped by a fixed head and is embedded into a surrounding flow. The fluid domain is artificially
decomposed into an inner fluid domain Ωf2 defined by a boundary layer fluid patch T f2h , which fits to
the structural mesh T sh at Γf2s. The patch is embedded into a background mesh T f1h and defines the outer
template-shaped domain Ωf1 .
Figure 15: Vibrating flexible structure: close-up views of deformed computational meshes for the hybrid
Eulerian-ALE approach at t = 5.7. From left top to right bottom: solid-matching fluid patch T 2h embedded
into background fluid grid T 1h , left upper part around structural head corner, middle part around structural
head and tail, and right end of the flexible tail.
Figure 15. The background mesh T f1h contains 120× 41 linearly interpolated quadrilateral elements
covering the entire rectangular domain Ω. The patch T f2h is embedded into T f1h in a geometrically
unfitted way and intersects its elements that are located next to the interface Γf1f2 , and so defines the
time-dependent active part of T f1h .
Along the fixed head, the fluid-structure interaction reduces to a no-slip Dirichlet boundary
condition for the fluid, which is enforced weakly via the proposed Nitsche method. At the remaining
fluid-solid interface of the flexible tail and at the fluid-fluid interface, coupling constraints (11)–
(12) and (13)–(14) are enforced, respectively. At the inlet x1 = −5.5, a velocity of umax1 = 51.3 is
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(a) Displacements d2 over time t.
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(b) Displacements d1 over time t.
Figure 16: Vibrating flexible structure: history of displacements d2 (a) and d1 (b) for the right tip of the tail.
initially ramped up by a time curve factor g(t) = 12 (1− cos(pit/0.1)) within t ∈ [0, 0.1] and kept
constant afterwards as uin = (umax1 , 0). At the boarders perpendicular to the inlet, i.e. x2 = ±6.0,
slip-conditions prevent the flow to escape and a zero-traction Neumann boundary condition hN = 0
is enforced at x1 = 12.0. A slight imperfection of the problem setup, given in terms of a small
shift of the structure in positive x2-direction by  = 10−3, causes vortices in the backflow of the
structure to detach slightly non-symmetric. These excite the structure to periodically vibrate which
in return cause complex vortex shedding near the flexible tail. To accurately capture this behavior,
a fine mesh resolution near the fluid-solid interface is required for which our hybrid Eulerian-
ALE FSI approach is perfectly suited and comes to its full extent. Attempts based on ALE based
approaches often suffer from the small elements next to the tip of the tail collapsing once the
structural deformations are getting larger. The materials are chosen as follows: for the fluid, it is set
µf = 1.82 · 10−4 and ρf = 1.18 · 10−3 resulting in an approximate Reynolds number of Re ≈ 333
based on the structural head dimension. The structural material properties are ρs = 2.0, νs = 0.35
and Es = 2.0 · 10−6. For the temporal discretization of the fluid it is chosen θ = 0.55 with a time-
step length of ∆t = 0.001.
Flow entering the setup at the inlet drives the fluid-solid interaction. Fluid streams around the
structural head at which no-slip boundary conditions are imposed weakly. At its sides, strong
boundary layers arise which are accurately captured by the surrounding patch. For this purpose,
the fluid elements are refined strongly towards the walls. Due to the introduced imperfection, a
non-symmetric flow develops and cause vortices behind the structural steps to detach temporally
shifted. As a result, the tail is excited to slightly deform which further induces the creating of swirls
that later will detach. The oscillation amplitude of the flexible tail grows such that the flag starts to
highly dynamically vibrate at a certain frequency. The history of displacements at the right tip of
the tail is shown in Figure 16.
Snapshots of the simulation results at three times, which characterize different stages of the
vibration evolution, visualize the velocity magnitude and pressure solution and the deforming fluid
patch in Figure 17. As a great advantage of this hybrid Eulerian-ALE discretization concept, on
the one hand, large structural deformations and motions can be dealt with, since arbitrary positions
of the structural mesh T sh and its surrounding fluid patch T f2h within the background grid T f1h are
allowed. On the other hand, decomposing the fluid domain enables to utilize highly refined meshes
in specific regions of interest, without risking the collapse of these refined elements and keeping
the computational costs at a minimum. Moreover, providing appropriate boundary layer patches for
the hybrid approach is a much easier task than meshing the entire FSI setting in a classical ALE
fashion. The accuracy of the sharp CUTFEM based interface-coupling of the two overlapping fluid
28 B. SCHOTT ET AL.
(a) Velocity norm ‖uh‖ (left) and pressure ph (right) at time t = 5.7.
(b) Velocity norm ‖uh‖ (left) and pressure ph (right) at time t = 5.88.
(c) Velocity norm ‖uh‖ (left) and pressure ph (right) at time t = 6.2.
Figure 17: Vibrating flexible structure: hybrid Eulerian-ALE approach (with 120× 41 background fluid
elements and a wall-refined embedded fluid patch) at different times ((a), (b) and (c)). Velocity color scale
[0, 155], pressure color scale [−18.0, 7.5].
meshes is demonstrated by the continuity of the solution fields, even in the case when complex flow
patterns develop in this region and vortices are convected across Γf1f2 .
A HYBRID EULERIAN-ALE APPROACH TO FLUID-STRUCTURE INTERACTION 29
The complexity of the flow patterns developing in the vicinity of the structural head and the tail
tip is depicted in close-up views in Figure 18. Classical boundary layer velocity profiles, exhibiting
steep near-wall gradients in the interface-tangential velocity solution, are clearly visible. Thanks
to the wall-refined fluid patch T f2h , these characteristics are properly resolved, independent of the
deformation of the tail. This is due to the benefit that the patch can track the structural deformation
and thus ensures a proper resolution over the entire simulation time.
5. CONCLUSIONS
A novel hybrid Eulerian-ALE discretization concept for large deformation and high Reynolds
number fluid-structure interaction is proposed. This approach combines the advantages of pure
Eulerian unfitted fixed-grid approximations for the flow field with that of classical interface-fitted
moving mesh ALE methods. A boundary layer patch of fluid elements, which fits to the structural
mesh and follows its movement over time, ensures a suitable resolution of wall-normal gradients
of the solution fields in the vicinity of the structure. It thus allows to accurately capture boundary
layer effects as it is a prerequisite for challenging FSI. By embedding this patch in a geometrically
unfitted way into a second background fluid mesh enables to deal with large motions of the structure
and its surrounding fluid patch.
In the present work, this approximation concept is realized with the Cut Finite Element Method
applied to the composite fluid domain decomposition. At the matching fluid-solid interface and
the non-matching fluid-fluid interface, all interfacial constraints are imposed weakly using Nitsche-
type techniques. For efficiency and temporal stability reasons, the coupled FSI system is solved in
a full-implicit monolithic way, for which new algorithmic aspects have been provided. The method
is validated by comparisons with established ALE based and CUTFEM based fixed-grid schemes.
The characteristics and the high potentials and capabilities of this novel approximation scheme are
indicated by means of different challenging FSI problem settings subjected to moderate and large
domain motions, which require an accurate capturing of boundary layer effects.
This novel method is not limited to finite element based schemes, but can be realized also within
other frameworks, like finite volume or discontinuous Galerkin methods. Moreover, this hybrid
technique is not restricted to fluid-structure interaction, but offers vast new discretization concepts
for challenging transport-dominated multiphysics problems, whose domains are subjected to large
changes or require special approximation schemes in certain regions of interest.
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(a) t = 5.7
(b) t = 5.88
(c) t = 6.2
Figure 18: Vibrating flexible structure: close-up views of boundary layer region at different locations next to
the structural head (left) the structural tail (right) at different times (a) (b) and (c). Arrows indicate velocity
profile and colored fluid domain shows the pressure solution (pressure color scale [−18.0, 7.5]).
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